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A mathematical model for single shell and tube heat exchangers under milk fouling is
presented. A fouling model based on a reaction/mass-transfer scheme is detailed in
which the main factors during milk heat treatment are quantified in a formal way. This
model is coupled with a detailed dynamic model of a shell-and-tube heat exchanger
where both radial and axial domains are taken into account. An analytical procedure
for the calculation of key parameters provides the means to achieve more accuracy. The
simulation results agree well with available experimental work. Four different heat-
exchanger arrangements are then considered to illustrate their impact on the fouling
behavior. The results are encouraging enough to validate current operating industrial
techniques for fouling mitigation. For a given thermal duty, short heat exchangers are
more prone to fouling due to high-temperature requirements and milk should be heated
as gradually as possible to minimize fouling. The results show that there are main

tradeoffs between design and operation issues.

Introduction

A variety of heat treatments is employed in the food indus-
tries. A typical and important example is dairy pasteurization
where, when milk is heated and as the result of its instability,
a deposit of milk solids is formed in the heat-exchanger sur-
face. Although this deposit is not sufficient to affect milk
composition significantly, it results in hydraulic and thermal
disturbances and creates the need for cleaning operations
which have to be carried out to bring the exchanger surface
back to its original state. Fouling in dairy plants is a severe
problem compared with other industries. For example, while
in the petrochemical refineries, heat exchangers may only be
cleaned annually, in the dairy industry it is common practice
to clean them every 5-10 h. It should be noted here that the
operating cost of fouling in the U.S. fluid milk industry
(pasteurized milk production, that is, no sterilized and ultra-
high temperature milk) has been estimated in $140 millions
per year, approximately at current prices (Sandu and Singh,
1991).

Milk fouling has been studied for a number of years. The
composition of the deposit is known and the chemical changes
that occur when heating milk are fairly well understood. There
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are two key contributions in this area: the work of Fryer et
al. (1996) and the work at the food technology and food
process engineering laboratory in France (Lalande et al,
1989).

The key role played by proteins and especially S-lacto-
globulin has been recognized in most recent milk fouling
studies. Lalande et al. (1985) were the first who investigated
the effect of B-lactoglobulin denaturation in milk fouling and
showed that heat denaturation of this protein governs the milk
deposit formation on the heat-transfer area. De Jong et al.
(1992) applied the kinetics of the B-lactoglobulin reaction to
analyze fouling in plate heat exchangers, and found that the
amount of deposit could be correlated with protein reaction
rates.

An interesting analysis concerning the chemical reactions
governing fouling is presented by Paterson and Fryer (1988).
They proved, following some principles of reaction engineer-
ing, that milk fouling is generated by chemical reaction(s) and
the reaction(s) occur throughout the region of the fluid which
is hot enough to support significant reaction rates. This means
that there is no reason to assume that the rate controlling
step in reaction fouling is the surface reaction. It also implies
that bulk reactions could be significant together with mass
transfer from the bulk region to the hot sublayer. Building
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upon this analysis, Belmar-Beiny et al. (1993) studied the ef-
fect of Reynolds Numbers and fluid temperature in whey
protein fouling. They showed that fouling is significantly in-
creased as the fluid is heating up. Two possible mechanisms
were considered: (i) Fouling is mass-transfer controlled and
(ii) fouling is reaction controlled. Later, Toyoda and Fryer
(1997) presented a very detailed fouling model which takes
account of mass transfer between bulk and layer. Recently,
Fryer et al. (1996) developed a statistical model for fouling
of a plate heat exchanger. Based on a statistically-designed
series of experiments, they studied and quantified the signifi-
cance of a number of factors, including B-lactoglobulin reac-
tion rate, on fouling within an ultrahigh temperature process.

Delplace et al. (1994) studied fouling in plate heat ex-
changers (PHE) using whey proteins sotutions. Using a tem-
perature profile determined numerically, the quantity of S-
lactoglobulin denaturated during heat treatment was calcu-
lated. Delplace and Leuliet (1995) aiso studied fouling of a
PHE with different flow arrangements. An empirical model
was developed in order to predict the dry mass of deposit in
the PHEs channels based on the heat denaturation of -
lactoglobulin.

Sandu (1989) presents a considerable amount of work on
milk fouling in plate heat exchangers. He developed a de-
tailed physicomathematical mode! where fouling kinetics and
dynamics were defined based on experimental results. Sandu
and Lund (1982) developed a general model for fouling dy-
namics for the simple case of an inverse-solubility salt under
the assumption that the deposition rate is entirely mass-
transfer controlled. This model was extended under more as-
sumptions for fluids, which are multicomponent systems. No
simulation results were presented.

So far, in most cases, fouling has been modeled with a sim-
ple representation of the hydrodynamics of heat exchanger.
However, it is known that there are strong interactions be-
tween the physicochemical, hydro- and thermodynamic fun-
damentals involved in fouling. For example, if mass-transfer
operations are important these are determined by the bound-
ary layer thickness which depends on the fluid velocity. It is,
therefore, important to consider all the relevant transport
phenomena which take place during milk heat treatment to-
gether with the fouling kinetics.

Accurate prediction and analysis of fouling dynamics for a
given system would pave the way for obtaining the optimal
design and operating policies for industrial heat exchangers.
The need for optimizing dairy plants suffering severe fouling
problems has been long recognized (Fryer, 1989; Sandu and
Lund, 1983). It is clear that the use of realistic and detailed
models to optimize the equipment design and control can re-
sult in substantial economic benefits.

In this article we use fundamental kinetic theories to per-
form a comprehensive study of milk fouling as a process af-
fected by momentum, heat- and mass-transfer phenomena.
For this purpose, a fouling model taken from Toyoda and
Fryer (1997} is coupled together with a detailed dynamic
heat-exchanger model, where transport phenomena are taken
into account in detail. Four different types of heat exchang-
ers are considered to illustrate how the fouling behavior is
affected. The simulation results are encouraging. They are
verified against available experimental data and current in-
dustrial techniques for fouling mitigation.
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The mathematical model is presented which is used to de-
scribe the behavior of shell- and tube-heat exchangers under
milk fouling. In the section on numerical simulation and re-
sults, the simulation results are presented for the four cases
of operation together with verification.

Mathematical Model
Fouling model

A fouling model must take into account all the relevant
factors during milk heat treatment such as fluid velocity, milk
composition, and temperature. It is generally agreed now that
fouling is controlled by reactions, but it is still not clear if
these are bulk or layer reactions or a combination of both.
Mass transfer between the bulk and layer may be also impor-
tant. Here the B-lactoglobulin reaction scheme is used for
the fouling model. When milk is heated above 65°C, B-
lactoglobulin becomes thermally unstable and it unfolds in
molecular denaturation exposing reactive sulphydry (—~SH)
groups and polymerizes irreversibly to give insoluble particles
in aggregation (De Jong et al., 1992). The key step in studying
fouling is to capture the interrelationship between the chemi-
cal reactions which give rise to deposition and the fluid me-
chanics associated with the heat-transfer equipment.

The reaction/mass-transfer scheme is shown in Figure 1
and is the most detailed in the literature. It was adopted from
Toyoda and Fryer (1997) and was first proposed by De Jong
et al. (1992). The reaction scheme is described as follows:

e Proteins react in both the bulk and the thermal bound-
ary layer in the milk. Native protein N is transformed to de-
naturated protein D in a first-order reaction. The denatu-
rated protein then reacts to give aggregated protein A in a
second-order reaction.

e Mass transfer between the bulk and the thermal bound-
ary layer takes place for each protein.

e Only the aggregated protein is deposited on the wall. The
deposition rate is proportional to the concentration of aggre-
gated protein in the thermal boundary layer.

e The fouling resistance to heat transfer is proportional to
the thickness of the deposit.

The reaction rate constants are expressed in the common
form as

—E
k= ka exp( ﬁ )
Reaction
N——=D——=A Bulk Fluid
Y mass L ...
$trwsfer $ $ Thermal
* * 4 ¥ Adhesion houndary 8

N D A

layer

Wall
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Figure 1. Protein reaction scheme used in the fouling
model.

AIChE Journal



Table 1. Kinetic Data for the Reactions of B -Lactoglobulin

Table 3. Details of Heat Exchangers Used in Simulation

ko Kpo Ey E, Temp.
kJ/mol kJ/mol 1/ m3Akg-s) °C
261 312 3.37x10% 1.36x 10% 70-90
- - 56 1.83x10° 90-150

The pre-exponential factors k, and the activation energies
for the two reactions are taken from De Jong et al. (1992)
and given in Table 1 where the subscripts N and D refer to
the first and second reaction, respectively.

Shell-and-tube heat-exchanger model under fouling

In previous work on heat exchangers under fouling very
simple models were used to account for the hydro- and ther-
modynamic characteristics of the fluid. Two common as-
sumptions were:

e The fluid temperature in the bulk and thermal boundary
layer are radially uniform, that is, the temperature in the bulk
and thermal boundary layer are equal and do not change with
the tube radius.

e The fluid flows in plug flow at uniform velocity. The ve-
locity in the thermal boundary layer is assumed negligible in
comparison.

The above assumptions simplify the conservation laws ex-
pressed by partial differential equations describing the hydro-
dynamics, the reactions, and mass transfer between the bulk
and the layer. However, under turbulent flow conditions, ve-
locity is not uniform and a profile exists (Brodkey and Her-
shey, 1988).

It is then apparent that the physical behavior may change
significantly in the radial direction. The radial velocity profile
may affect considerably both the heat- and the mass-transfer
operations. Furthermore, a radial temperature profile in the
bulk exists which also affects the rate of the reactions and
mass transfer. If these profiles are ignored, potential differ-
ences between bulk and boundary reaction rates are not cap-
tured. Note that milk fouling is determined by reactions rates,
which are strong functions of temperature.

Here, we present a detailed model for shell-and-tube heat
exchangers under fouling by relaxing the above assumptions
and taking into account the radial dependency of velocity,
temperature, and concentrations. In order to be consistent
with the proposed reaction scheme, where mass-transfer op-
erations occur between the bulk and the thermal boundary
layer, we distinguish the bulk from the layer on the conserva-
tion laws. The velocity in the thermal boundary layer, which
is small but not negligible, is taken into account.

The following are typical assumptions which are consid-
ered for the purpose of modeling:

e The variation of the physical properties of milk with
temperature was neglected, and the properties were taken as
those of skimmed milk (McKetta, 1984). However, transport
properties are calculated in detail.

Table 2. Values of Particle Diameters for the Three Proteins

(Steady State)
Case _
of Length Tfm Tf"ux Tsxn TAoul
Oper. Type of Exchanger m K K K K
1 Steam, 7,, =374 K 10 333 3704 — —
2 Steam, 7,, =390 K S 3333704 — —
3 Hot water, cocurrent flow 10 333 370.4 385 374
4  Hot water, countercurrent flow 7 333 370.4 385 374

e The overall heat-transfer resistance is determined by that
on the tube side fluid (milk).

e The concentration and temperature for proteins at the
boundary layer are assumed not to be radially dependent.

In the operating scenario considered, a stream of skimmed
milk (0.25 kg/s) is to be heated from 333 K to a target tem-
perature of approximately 370 K. Tables 3 and 4 give the
specification of the heat exchangers prior to the initiation of
the fouling. Four cases were examined (Figure 2): (a) The
heating medium is steam at temperature 374 K. (b) The heat-
ing medium is steam at temperature 390 K. (c) The heating
medium is hot water at 385 K in co-current flow with milk.
(d) The same as in case (c) but in a countercurrent operation.
Similar data for the steady-state milk inlet and outlet temper-
atures were used by Fryer and Slater (1985) and approxi-
mately correspond to industrial conditions.

Fundamental equations

Consider a differential element in a circular tube, where r,
is the inner radius, and L is the length of the tube (Figure 3).
Then material balances of proteins in the bulk are given by
the following equations

Native Protein

aC aC ~-E
—19711+u2(r) N=—kNaexp( al )-CN

a9z _RTf_(r)
2o (o) o
Denaturated Protein
-&—(—:2 +u,(r) 7o
0z

ki expl =Ny~ ki exp| 22 | -2
No €XP RTf(r) N Do €XP RTf(r D

14 D 0Cp 7 D aCp @)
+__ . — +___. —_——
r ar T ar (92( D oz )

Table 4. Heat-Exchanger Data Used in Simulation

Particles Milk Flow Hot Water Diameter a v
Native Denaturated Aggregated Rate, kg/s Flow Rate, kg/s m 1/m m/s
75%x107 "' m 75%x10"'m 42x10" "% m 0.25 1.5 0.025 160 4.08
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B! ir-— Steam, 390 K or 374 K
] =
l
e |
Mitk L - T[\:‘ut
333K 220 'y
Hot water, 385 K .
—_— frr———————
I — p—
Milk e — T'(')‘ul
333K 7= =L
ToUt Hot water, 385 K
N
i
— i
>
|
Milk L o ,ut
333K 2=0 2L

Figure 2. Shell-and-tube heat exchangers for milk heat
freatment.

Aggregated Protein

aC, aC, -E, ,
—B—t—+u(r) P kDoexp(—)-C5

RTf(r)
19 dC d JC
+—-—(r~DA————A) (DA ") 3)
r ar ar 9z dz

The last two righthand side terms express the rate of diffu-
sion into the control volume with respect to the radial and
axial distance. In the above equations, u,(r) is the fluid veloc-
ity as a function of the tube radius and Dy, Dp, D, are the
diffusion coefficients of the three proteins.

For the proteins at the layer, radial gradients of the con-
centrations are not considered but terms are included to ac-
count for radial mass transfer via mass-transfer coefficients.

dr |

- dz ——

Figure 3. Differential element in a shell-and-tube heat
exchanger.
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In order to distinguish between bulk and surface reactions
rates, the last are assumed to take place at the interface tem-
perature T; which is radially independent. The assumption of
constant 7; provides an approximate way to distinguish bulk
and surface reaction rates. On the other hand, diffusion in
the axial direction is considered. Thus, the material balances
of the proteins in the thermal boundary layer are given by
Native Protein

RT,

aCk aC

+u(r)—2 = —ky, exp( -C¥,

——k (CH—Cy) i (D 6C§) 4)
—_ o — .
or N N az\"N oz

Denaturated Protein

aCk ()ﬁC;’; . - e -E
+ — . [
uAr No EXP RT, N Do €XP RTZ
5 =5 ex o, D acg) Q)
- +
D 5, p~ Lo ( D™
Aggregated Protein
aC% K )(?C* P -Ep .cx?
—_— =
gt Ty T Epe SR\ TRy
1 i} o 0 aC*
—S—T-[kmA(CA-CA)+kaA]+—;(DA—:9—Z——) 6)

where Cy, Cp and C, are the values of the bulk protein
(kg/m>) in contact with the boundary layer and 8, is the
thickness of the thermal layer. Finally, k,,, k.5, k,, 4 are
the protein mass-transfer coefficients.

The rate of deposition is related to the concentration of
aggregated protein in the layer by the mass-transfer coeffi-
cient k,. The dimensionless Biot number is used to express
the change of heat transfer due to fouling, and it is related to
the rate of deposition by a constant 8 (Toyoda and Fryer,
1997; Fryer and Slater, 1985)

o k,C% )]
at _B w—A

The energy balance on the milk side can be written as

(77}(7’) lng(r)
pC, Py u(r)
d( oT(r)\ 14 oT,(r)
az(kf iz )+7§7(rkf ar ) ®

Here, hot water is adopted as the heating medium for the
countercurrent and cocurrent operation. It is assumed that
its temperature and velocity are radially uniform. Under this
assumption, the energy balance for the heating medium takes
the following form

AIChE Journal



e Cocurrent operation with milk

AL L Ut -T) ©)
._._.__+ . = e - . . —_—
it Uz PwCow *Ms Ty

e Countercurrent operation with milk
UL S ST S ST
N TG, T

where u, is the heating medium velocity (m/s) and «, is the
shell heat-transfer area per unit volume and can be taken
equal to 4/d where d is the tube diameter.

Another alternative explored was the use of steam as heat-
ing medium. In this case it is assumed that steam enters and
exits the exchanger at the same temperature (that is, flow
rate is high enough for the given thermal duty) providing its
heat of condensation for the heating purposes.

Boundary conditions

Proteins in the Bulk. The integration in the radial direc-
tion should be carried out from r = 0 (center of the tube) to
r=r, - 8, where 8; is the thermal boundary layer (see Fig-
ure 1). However, the thickness of the boundary layer is very
small compared with the tube radius and a typical value for
the constant wall temperature operation is 0.023 mm. It is
then reasonable to assume that the mass balance equations
are integrated over the entire range of the tube radius.

Danckwerts (1953) boundary conditions are utilized at the
inlet and outlet of the tube

aC,
- DN-7 =u (r¥{Cy ,—Cy) z=0,rel0,r,] (D

aC
—DA'—a—i=uZ(T)(CA,m—CA) z=0,ref0,r,] (12)
z

0y T () (Con =) 2=0,rE[0r,] (13)
ﬁiN -00 z=L,rel0,r)] (14)
a;” =00 z=L,refo,r,] (15)
ai“ =00 z=L,relo,r] (16)

while the inlet protein concentrations take the following val-
ues

Cn.in = 3.8 kg/m? (17)
Cp.in = 0.0 kg/m* (18)
C4in = 0.0 kg/m> (19)

The above is a typical value for the inlet native concentra-
tion, while the concentration of denaturated protein may

AIChE Journal April 1998

sometimes be above zero due to a heat pre-treatment of milk
(McKetta, 1984).

The main transfer rate balance at the interface between
the bulk and the layer yields

aC

—DNd—rN=kmN(CN—C7f,) r=r,, ze(0,L) (20)

aCp
-Dp P =k, p(Cp—CP) r=r,,z€0,L) 1)
r
aC,
- D= =k, (Cy—C%) r=r,ze(0,L) (22
r
while radial symmetry dictates that
aCy
=0.0 r=0,z<(0,L) 24
ar
=00 r=0,z€(0,L) (25)
ar
aC,
— =00, r=0,ze€(0,L) (26)
ar
Layer Proteins
aCsk
~ Dy~ 3z =u,(r)Cys 1, —Cx)  z=0 (27)
aCh
_DD 9z =uz(r)(CD*,m—C3) z=0 (28)
aCk
~Dy—= =, NCp y = CP) =0 (29)
z
acCy
= 0.0 z=1L (30)
0z
aC}
=0.0 z=1L 31)
9z
aCk
=0.0 z=1L (32)
a9z

where the inlet (z = 0) concentrations of the layer proteins
are the following

Cre 1o = 38 kg/m? (33)
Cp+ ;,=0.0 kg/m> (34)
Cs in = 0.0 kg/m® (35)

Energy Balance. The boundary conditions for all the
heat-exchanger arrangements considered are as follows

aT(r) . .
—kf7= pCpuZ(r)[Tf‘“—T}(r)] z=0,re(0,r,]
(36)
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a7,
f(r) -0

z=L,rel0,r,] (37
0z
3T,
f(r)=0 r=0,ze(0,L) (38)
ar
aT,(r)
kp- P =UT,-T(D]  r=r, ze@©,L) (39
dT(r)
ky =UAT(D)~T;(N]  r=r,, z€(0,L) (40)

Equation 39 is for the constant wall temperature case only
(that is, steam as the heating medium), while Eq. 40 is for the
countercurrent (or cocurrent) case. U is the overall heat-
transfer coefficient, which is a function of the fouling resis-
tance (Biot number), and Tfin is the milk inlet temperature
equal to 333 K. Finally, 7,, and 7,(z) are the wall and the
heating medium temperature (K), respectively.

The boundary conditions for the heating medium are given
below

T,(2)=385K
T(z)=385K

z=0 4D
z=L (42)

Cocurrent operation
Countercurrent operation

Initial conditions

It is assumed that prior to the circulation of milk (such as
initiation of fouling) the exchanger was operating at steady
state with a nonfouling fluid on the tube site. This is justified
since pasteurizers are preheated and sterilized with hot water
before the milk fluid is processed

an(Z5r’[)
-———(9‘;—-—=0 t=0, VZE(O,L) VrE(O,rO) (43)
aT(z,1)

T=O t=0, Vze(,L) (44)

C(z,r,0)=Cplz,r,t)=C(z,r,t)=0.0

t=0, Vz€(0,L) Yre(,r,) (45)
Ch(z,)=CH(z,0)=C5(z,)=0.0

t=0, Vze(0,L) (46)

Bi(z,t)=00 t=0, Vze,L) 47)

Calculation of transport phenomena variables

The model of a shell-and-tube heat exchanger under foul-
ing includes a number of variables such as the thickness of
the thermal boundary layer 8, the mass-transfer coefficients
kpns Kmps Kma> K, and the fluid velocity u (r). Here, de-
tailed expressions are used for the calculation of these vari-
ables.

The thickness of the thermal boundary layer 61 is to that
of the laminar boundary layer & using the following expres-
sions

[
—;- = P (48)
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where Pr is the Prandtl number given by

(49

The above two expressions illustrate the analogy between
the momentum and heat transfer in turbulent flow conditions
(Brodkey and Hershey, 1988). In order to calculate &, one
can assume that it is equal to the thickness of the viscous
sublayer. It is known that during milk heat treatment the flow
is turbulent (that is, Reynolds number greater than 2,100).
Therefore, the velocity profiles within the flow can now be
expressed as (Brodkey and Hershey, 1988)

Viscous sublayer: u®=y* forO<y* <5 (50)

w*=5Iny*—3.05for5<y* <30 (51)
ut=25Iny"+55for30<y* (52)

Generation zone:
Turbulent core:

where 1™ is a dimensionless velocity and y* the dimension-
less distance from the wall defined as

u(r)
ut = T y "

(53)

where U* is the friction velocity, is a function of the wall
shear stress 7, and is given by the following equations

fE e

It is now possible using Egs. 50 and 53 to calculate & for y™*
equal to 5 (by setting 8 equal to y since it is equal to the
thickness of the boundary layer).

The wall shear stress 7,, can be calculated using the follow-
ing expressions which hold for the case of turbulent flow

£=0079 N (55)
Ty
fg— (56)
Epug,aver
detd, guer”
Re= —TB (57

where f is the friction factor and «_ ,,., is the average veloc-
ity which can easily be calculated from the fluid flow rate w;,
as follows

wy - d?

Area = (58)

uz,aver -

p-Area

Finally, the mass-transfer coefficients for the three pro-
teins are related to the diffusion coefficients by
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i‘l, = (59)

D F
8
When the diameter of the particles is known, the diffusion

coefficients can be estimated by the Wilke-Chang equation
(Perry and Green, 1984)

T
(60)

Dp=1310"" T

with V. as the molecular volume of the absorbed particles

1
Vp=Nyond} (61)

where N, is the Avogadro constant 6.023-10%, and dj is
the particle diameter which must be determined experimen-
tally. Unfortunately, their values for milk are not reported in
the literature. De Jong et al. (1992) performed a regression
analysis with several supposed particle diameters, and they
concluded that the highest correlation coefficients were ob-
tained with particle diameters smaller than 10 nm and very
close to 10" m; mean diameters above 50 nm did not give
satisfactory agreement with the experimental results. Here,
the values of the particles diameters are estimated using opti-
mal regression methods in order to achieve a good agree-
ment with experimental work, while taking into account the
size limitations reported by the above researchers (Table 2).
This is discussed in more detail in the subsection on parame-
ter estimation.

A key assumption made in the calculation of the transport
properties is that the turbulent contribution as expressed by
the eddy diffusivity of mass and heat transfer is neglected.
For the transport properties in the layer, the turbulent con-
tribution is small ( ~10~%) compared with the values of the
Fickian diffusivities ( ~ 107%). On the other hand, for the bulk
this contribution may be considerable. A sensitivity analysis
has been performed using approximate values for the eddy
diffusivities in the bulk. The analysis indicates that there is a
less than 2% change in the simulation results which can be
considered as acceptable within the experimental error.

The value of the mass-transfer coefficient to the deposit
k, is given by Toyoda and Fryer (1997) and it is equal to
10~7 m/s. Finally, the proportionality constant § can be de-
termined only by experimental data. Here, a value of 58 m?/kg
was obtained from the parameter estimation problem (see the
section on parameter estimation).

Radial Velocity Profile. Although Eqgs. 50 to 52 provide a
good description of the velocity distribution for flow in the
tubes, they introduce discontinuities in the model which may
cause numerical difficulties in the simulation. Alternatively,
it is possible to use the Pai’s continuous model for the radial
velocity distribution, under turbulent flow conditions, de-
scribed by the following equations (Brodkey and Hershey,
1988)

u (r) ry? r\2"
: =1+a1(-—) +a2(—) (62)
r 7

U max
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where the terms «;, and «, are given as follows:

(s—m)
(1-5

and m can be expressed as the whole integer closest up or
down to the value given by

m=—0.617+(8.211x 107 ) N,,)" " (65)

Finally, the quantity s can be correlated in terms of the
Reynolds number N,

5=0.585+(3.172x 107 )(Ng,)"®> 2,800 < N, (66)

is a function of the

z,max

Note that the maximum velocity u
average velocity

o a,

2 +(m+l)

(67)

The above model equations provide a continuous model of
the velocity radial profile which is quite accurate for Reynolds
number less than 100,000 (Brodkey and Hershey, 1988). Since,
due to pressure drop limitations, it is not possible to exceed
this value for the problem considered here, these equations
were adopted for the simulation results presented in the next
section.

Quantifying fouling

Additional variables allow us to quantify fouling. Since the
Biot number is a function of the tube distance z (it is deter-
mined by the aggregated protein concentration), an average
Biot number can be defined over the heat exchanger as

= Lo

Bi =—I:fo Bi(z)dz (68)
The thickness (m) of the deposit x, at each position z along

the heat exchanger can be defined using the Biot number as

Ay*Bi(2)
x5 = = (69)

o

where A, is the deposit thermal conductivity equal to 0.5
W/m-K (LeClercg-Perlat and Lalande, 1991) and the overall
heat-transfer coefficient under clean conditions U, can be
easily determined for a given thermal duty and heat-transfer
area.

An average deposit thickness is defined over the tube by
the following equation

Xy= faLxd(z)dz 70

April 1998 Vol. 44, No. 4 965



The deposit mass at each position z along heat exchanger,
expressed in kg/m? is defined as

Ay Bi(z)-
mass(z) = —fi———g——z——fﬁ D

o

where p, is the deposit density 1,030 kg/m>,
Similarly, the average deposit mass over the tube is

—_ 1
mass = z—foLmass(z)dz (72)

Another way to quantify fouling is by the “fictitious” effi-
ciency of the heat exchanger given by the following equation

Heat exchanged during operation without control

efic = - =
maximal heat exchanged

(73)

Toutlet . gin
LT i, (74)
(0 - T;
where 77Y(0) is the milk outlet temperature (K) at steady
state (before fouling), which is specified to be 3704 K,
Tf°“"e‘(t) is the same temperature during the heating opera-
tion and 7 is the total heating period.

The overall heat-transfer coefficient U (W/m?-k) and the
interface temperature 7; are given by the following expres-

i

sions (Fryer and Slater, 1985)

i (75)
1+ Bi
Lot Bl heating fluid (76)
; T p; Steam as heating flui
T, + BiT,
T,=———— hot water as heating fluid an
1+ Bi

Numerical Simulation and Results

The model of a shell-and-tube heat exchanger under milk
fouling described by Eqs. 1 to 77 comprises a set of integral,
partial differential, and algebraic equations (IPDAEs). It is
simulated using the simulation package gPROMS (Oh and
Pantelides, 1996; Barton and Pantelides, 1994). The solution
method is based on a two-phase method-of-lines approach
(see Figure 4). In the first phase, the spatial dimensions (axial
and radial) are discretized in terms of finite dimensional rep-
resentations and this reduces the IPDAE:s into sets of differ-
ential algebraic equations (DAEs) with respect to time. In
the second phase, the DAFEs are integrated over the time
horizon of interest using appropriate integration techniques.
Here, the axial domain is discretized using second-order or-
thogonal collocation on 20 uniform finite elements, whereas
the radial domain is approximated by third-order orthogonal
collocation of five finite elements. This number of elements
and order of approximation over the two spatial domains
provides the most accurate results. A number of simulations
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Figure 4. Solution strategy of the modei.

tests have been performed, which indicated that if less than
12 elements are to be used for the axial domain discretization
there is a 5-10% change in the results. On the other hand,
the discretization over the radial domain is sensitive if less
than three elements and/or a second-order approximation is
used. The data used in simulation are given in Tables 1 to 4.

Parameter estimation and verification: simulation vs. ex-
perimental data

There are a few publications in the literature where experi-
mental results of milk fouling in a tube are reported. Verifi-
cation of the simulation results is an important step in order
to:

e Check the validity of the model presented here.

e Determine appropriate values for certain parameters
(such as particle diameters)

There are four unknown parameters in the model pre-
sented in the Mathematical Model section. These are the di-
ameters of the three protein particles and the deposition rate
constant S. Only size limitations for the particles are re-
ported in the literature (see the section on Calculation of the
Transport Phenomena Variables). Taking into account these
limitations, a parameter estimation analysis is performed
based on the solution of a dynamic optimization problem.
This problem was solved in order to take into account the
constraints in the particles diameters. It should be empha-
sized here that the mass-transfer coefficient is taken as con-
stant (from Toyoda and Fryer, 1997) since there are no data
concerning even approximate order of its magnitude. There-
fore, any attempt to find its optimal value may lead to unreal-
istic values. A brief description of the mathematical problem
being solved is given in the Appendix. The optimal values of
the particle diameters are given in Table 2, while the con-
stant 8 was found to be 58. It is worthwhile to notice that
the obtained values are very close to the conclusions of De
Jong et al. (1992).

Here, for the purpose of parameters estimation and verifi-
cation, we use the experimental results of Belmar-Beiny et al.
(1993). The experimental conditions are: 1% whey protein;
Reynolds number 6,250; heating period 1 h, length of the
tube 1.5 m and two sets of fluid inlet and outlet temperature,
as indicated in Figure 5. A comparison between the simula-
tion and experimental results is shown in Figure 5, where the
effect of the fluid inlet temperature is investigated. There is a
good agreement of the simulation results with the experimen-
tal data. It can be seen that the total amount of deposition
increases with the inlet temperature and that fouling is at a
low level in the inlet region and then increases significantly
at some point down the tube. It should be emphasized here
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Figure 5. Comparison between simulation and experi-
mental results.

that in the parameter estimation problem the two sets of ex-
perimental conditions (different inlet and outlet tempera-
tures) are analyzed simultaneously.

The effect of Reynolds number on fouling and comparison
with experimental results is shown in Figure 6. Again, the
experimental results were taken from Belmar-Beiny et al.
(1993). We observe that as the Reynolds number increases
the total amount of deposit down the tube decreases. There
is a quite good agreement with the experimental work al-
though at low Reynolds number fouling is overestimated. The
Reynolds number in our model was modified by changing the
milk flow rate for constant diameter. The experimental con-
ditions were: 1% whey protein, fluid inlet temperature 73°C
and outlet 83°C, heating time 1 h.

Simulation results and discussion

The fouling behavior of four different heat-exchanger con-
figurations was then investigated (see Table 3). The inlet na-
tive protein concentration in all cases is 3.8 kg/m>. The key
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Figure 6. Effect of Reynolds number and comparison
with experimental resuits.
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role of some of the model’s parameters is also illustrated.
The main results are summarized as follows:

e Figure 7 depicts the profile of Biot number (fouling re-
sistance) at different times for case 1 (constant wall tempera-
ture operation 7,, = 374 K). The Biot number increases with
respect to time and along the tube. This indicates that foul-
ing is greatly affected by reactions. Since the bultk and inter-
face temperature increase along the tube, this also increases
the rate of the protein reactions and therefore the concentra-
tion of layer aggregated protein and finally the Biot number.

e The deposit thickness follows a similar pattern with the
Biot number increasing its value along the tube (Figure 8).
Here, again the first case of operation is studied. Similar pro-
files are obtained for the mass of the deposit as shown in the
comparison with the experimental results (see Figure 5).

e As expected, the overall heat-transfer coefficient de-
creases with time (Figure 9). This refers to the 374 K uniform
wall temperature. The overall heat-transfer coefficient at the
end of the time horizon reaches the value of 1,500 W/m?-K
and the corresponding value under clean conditions is 3,100
W/m?-K. Similarly, the milk outlet temperature reaches the
value of 362 K (Figure 10). It should be noted here that the
rate of fouling decreases with time following the decrease in
milk outlet temperature. However, for the case where control
action is applied (that is, increasing steam temperature) this
may not be the case since more heat will be provided to the
system in order to maintain milk outlet temperature close to
its target value.

¢ Finally, the four cases of operation are compared in Fig-
ure 10. We observe that the constant wall temperature case
(390 K) results in the most severe drift in milk outlet temper-
ature. Countercurrent operation also causes a significant de-
crease in the heat-exchanger thermal performance. The final
results are summarized in Table 5. We note that a heat ex-
changer operating at 374 K will suffer an 8 K drop outlet
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Figure 8. Deposit thickness profile for heating time
100,000 s.

temperature after 27.5 h, while the corresponding value for
one at 390 K is just 1.4 h. Thus, although the higher tempera-
ture option has a lower capital cost, the downtime for clean-
ing will be significantly higher.

Sensitivity analysis

The mathematical model presented earlier includes a num-
ber of parameters such as the initial protein concentrations.
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Figure 10. Effect of all cases of operation on milk outlet
temperature.

The values of these parameters are uncertain due to variabil-
ity in the milk quality. For example, there is a seasonal varia-
tion of the inlet native protein (Grandison, 1988). Here, we
investigate the impact of these parameters on the milk outlet
temperature and the results for the constant wall tempera-
ture case (374 K) are summarized as follows:

e Figure 11 depicts the effect of a 32% change in the ini-
tial native protein concentration on fouling. The total drift in
the milk outlet temperature when the initial protein concen-
tration is 2.5 kg/m> decreases by 30% compared to the nomi-
nal case where the concentration was 3.8 kg/m?>. Clearly, there
is a significant effect of milk composition on fouling.

e In Figure 12, the Reynolds number is increased to the
value of 14,000 (by increasing the milk flow rate) from 8,800
(nominal case). We observe that substantial mitigation of
fouling is achieved (almost 60% reduction). This result pro-
vides some justification for the current industrial practice
where milk is processed at the highest possible velocity. A
similar effect of Reynolds number on fouling was also illus-
trated experimentally by Belmar-Beiny et al. (1993) and Toy-
oda and Fryer (1997).

e The effect of having a fraction of denaturated protein at
the inlet of the heat exchangers is depicted in Figure 13. We
observe that higher fouling exists compared to the nominal
case where there is no denaturated protein. The existence of

Table 5. Effect of Fouling on Milk Outlet Temperature for
Four Cases of Operation

1700 Case of Drift in Milk
1600 Oper. Type of Exchanger Outlet Temp, K
1500 1 Steam, 7,, =374 K 8.3

0 20000 40000 60000 80000 100000 2 Steam, 7,, =390 K 13.9

Time, sec 3 Hot water, cocurrent flow 9.4
. - 4 H ter, t t fl 12
Figure 9. Overall heat-transfer coefficient. Ot water, countercurrent flow
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Figure 11.

this protein at the inlet may arise from previous thermal milk
treatment. Here it was assumed that the initial concentration
of the denaturated protein was 1 kg/m?>.

The simulation results are intuitively correct and changes
in important parameters lead to the expected conclusions.
Therefore, the presented model describes all the important
heat and mass transport phenomena occurring during fouling
in a realistic way, while current industrial practice for milk
fouling mitigation is qualitatively supported. 1t is worth notic-
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Figure 12. Effect of Reynolds number on fouling.
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ing here that if a control action will be applied by increasing
steam or hot water inlet temperature (in order to maintain
milk outlet temperature close to its target value), fouling will
become more severe. This is due to the increased wall tem-
perature, which will give rise to faster reaction rates.

An important conclusion is that for a given thermal duty
short exchangers appear to give the most severe drift in milk
outlet temperature. This view supports the operating heuris-
tic commonly employed in dairy plants that in order to mini-
mize fouling, milk should be heated as gradually as possible.

In general, the mathematical models presented in this arti-
cle are based on fundamental physical laws (under the speci-
fied assumptions) to capture and quantify the effect of milk
fouling on the heat-exchanger performance. The results ob-
tained, since they rely on physical based models, may be ex-
trapolated to unexplored regions, or in other words to help in
solving the scale-up problem which implies extrapolation. In
this context the models presented here may also allow the
design of optimal control strategies and/or operations to be
studied.

Conclusions

We have developed a general mathematical model of sin-
gle shell-and-tube heat exchangers under milk fouling. The
model can be also used for heat exchangers which are sub-
jected to fouling caused by chemical reaction(s). All transfer
phenomena which take place during milk heat treatment were
quantified in a formal way and a large number of variables
were monitored to study the behavior and effect of fouling
on the heat-exchanger performance. Despite its complexity,
the model can be simulated successfully using currently avail-
able modeling tools such as gPROMS. Good agreement of
the simulation results with experimental data has been
achieved based on the solution of dynamic parameter estima-
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tion problem. Typical industrial operating techniques for
fouling mitigations were verified. Examples have been pre-
sented to illustrate the behavior of fouling for four different
configurations of tubular heat exchangers.

There exists. a tradeoff between operating costs such as
cleaning and capital costs. A larger heat-exchanger area will
decrease the cleaning duties but will simultaneously increase
capital costs. As mentioned by Fryer (1989), for any given
thermal duty, an optimum heat-exchanger size exists that bal-
ances the reduced operating cost and fouling afforded by large
heat exchangers against their increased capital cost. Further-
more, the switching time from heating to cleaning and the
control policy (in order to maintain milk temperature close to
its target value) must also be optimally selected. So far, no
attempt has been made to optimize heat exchangers under
fouling taking into account all the cost factors related to the
milk heat treatment and using rigorous dynamic models. It is
envisaged that the model presented here can provide the ba-
sis for such an exercise, and this is an avenue we are cur-
rently exploring (Georgiadis et al., 1998).

Notation

Area = cross-sectional area of the tube, m
C%= layer native protein concentration, kg/m’
(05 . = bulk denaturated protein concentration, kg/m
Ch= = bulk aggregated protein concentration, kg/m’
C » = milk specific heat capacity, J/kg-K
= heating medium specific heat capacxty, INkg-K)
k k= milk thermal conductivity, W/(m K)
mass = average deposit mass, g/m>
T/" = milk steady state inlet temperature, K
T," = milk dynamic outlet temperature, K
7," = heating medium steady state inlet temperature, K
T"“‘ heating medium steady state outlet temperature, K
u, = milk velocity, m/s
5= laminar layer
€, = fictitious efficiency of the exchanger
= milk viscosity, kg/m+s
p=milk density, kg/m’
p,, = heating medium density, kg/m?
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Appendix: Parameter Estimation

The model described by Egs. 1 to 77 after the discretiza-
tion over the two axial domains can be presented in a general
form as follows:

FLx), 2(0), y(0), u(t), p. 6] =0 (AD)
where

e x(#) and y(¢) are the differential and algebraic equations
in the model; %(¢) are the time derivatives of x(¢) (that is,
X = dx/dt).

e u(¢) and p are the time-varying and time-invariant con-
trol parameters respectively; these describe the experiment(s)
being carried out.

e ¢ are the unknown parameters to be estimated.

For the model! considered here,

e Concentrations, temperatures, and the Biot number are
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the differential variables and all the others are the algebraic
variables.

e There are no time-varying and time invariant control pa-
rameters.

e Constant 8 and particle diameters are the unknown pa-
rameters to be estimated.

The initial conditions of the system are specified.

The parameter estimation problem makes use of experi-
mental results gathered from a set of experiments. In gen-
eral, we can have any number L of such experiments. Each
experiment / (/=1 ... L) is characterized by

e Its overall duration

e [ts initial conditions

e Variation of the control variables

e Values of the time invariant parameters p.

Associated with each experiment / are also a set of data
pairs collected during the experiment. These are of the form

(tuik~ Z1i) (A2)

where Z,, is the kth value measured for variable z; during
experiment /, and ¢, is the time at which this measurement
was taken. In our problem, z; is the deposit mass for which
experimental data are available at time 1 h and for different
positions along the tube. There are two sets of experiments /
for the two different milk inlet and outlet temperatures. All
these data were taken from Belmar-Beiny et al. (1993). Note
also that, in the general case, the measurement instants do
not need to be equispaced; nor, is it necessary for all mea-
sured variables to be recorded at the same time.

The parameter estimation problem attempts to determine
values for the unknown parameters 6 that minimize the devi-
ation between model predictions and experimental data.
More specifically, a least-square formulation is used here that

seeks to determine the value of 6 that minimizes the follow-
ing objective function

L i K
mgncb =YWL w Y [2(t) - 2] (A3)
k=1

=1 i=1

This is the weighted sum of the squares of the differences
between the model predictions z(1,,) and the experimentally
measured values (£,;;).

In the objective function above, the deviations correspond-
ing to different variables i are scaled using coefficients w;,.
This can be useful for the cases where some measurements
are more reliable than others. In such cases higher values to
w; are assigned for the high priority measurements. Similarly,
deviations arising from different experiments are weighted
using W, weighting factors.

For the problem considered here, we assume that both ex-
periments were performed under approximately the same
conditions, and, thus, we do not have any reason for trusting
the one set of data experiment more than the other. There-
fore, we can choose

W, =W,=1.0 (A4)

Similarly, all the variables weights w; are also to one.

The parameter estimation problem described above with
the objective function given by Eq. A3 together with the model
Egs. 1 to 77 is a dynamic optimization problem which is for-
mulated and solved using the gEST tool. The last can be used
to specify and perform parameter estimation calculations us-
ing processes defined in the gPROMS language (gPROMS
Technical Document, 1997).
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